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4. b s  t r a c t 
T h i s  r e D o r t  p r e s e n t s  an image method a l g o r i t h m  f o r  t h e  
d e r i v a t i o n  o f  p o i n t  ~ c i u r c e s  o f  e l a s t o s t a t i c s  i n  m u l t i - l a y e r e d  medic 
assuming t h e  i n f ' n l ' t e  space p a i n t  s o u r c e  i s  known. S p e c i f i c  cases 
have besn worked a u t  and shown t o  c o i n c i d e  w i t h  w e l l  known 
s o l u t i o n s  i n  t h e  l i t e r a t u r e .  
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I n t r o d u c t i o n  
The i m p o r t a n c e  o f  p o i n t  sources (Green 's  f u n c t i o n s  a r e  p o i n t  
s o ~ i r c e s )  f o r  some g i v e n  ( l i n e a r )  g o v e r n i n g  d i f f e r e n t i a l  e q u a t i o n s  
and boundary c o n d i t i o n s  l i e s  i n  t w o  main reasons .  F i r s t ,  any 
1 o c a l i z f . d  p rocess  when v iewed f r o m  a s u f f i c i e n t  d i s t a n c e  can be 
mode l l ed  as some s u i t a b l y  chosen p o i n t  sou rces .  Second, Green 's  
f u n c t i o n s  can be used t o  r e f r a m e  t h e  g o v e r n i n g  d i f f e r e n t i a l  
e q u a t i o n s  and boundary c o n d i t i o n s  i n  an i n t e g r a l  e q u a t i o n  fo rm:  t h e  
i n t e g r a l  e q u a t i o n  f o r m  can, f o r  example, be used as t h e  b a s i s  f o r  
n u m e r i c a l l y  a n a l y z i n g  a l a r g e  c l a s s  o f  problems u s i n g  t h e  boundary 
e lement  method. 
Th i s  paper p r e s e n t s  an a l g o r i t h m  f o r  t h e  d e r i v a t i o n  o f  p o i n t  
sou rces  o f  e l a s t o s t a t i c s  i n  m u l t i - l a y e r e d  media assuming t h e  p o i n t  
s o u r c e  i n  i n f i n i t e  space i s  known. The method i s  s i m i l a r  t o  t h e  
image method t h a t  i s  f a m i l i a r  when d e r i v i n g  Green 's  f u n c t i o n s  i n  
p l a n e  l a y e r e d  media where t h e r e  i s  o n l y  one unknown s c a l a r  f i e l d  i n  
t h e  g o v e r n i n g  e q u a t i o n s  such as  i n  t e m p e r a t u r e  c o n d u c t i o n ,  
p o t e n t i a !  f l o w  and e l e c t r o s t a t i c s  p rob lems.  The a l g o r i t h m  i s  t h e n  
used t o  d e r i v e  t h e  Green 's  f u n c t i o n s  f o r  any p o i n t  s o u r c e  i n  a 
r e g i o n  c o n s i s t i n g  o f  an e l a s t i c  l a y e r  p e r f e c t l y  bonded t o  two  
e l a s t i c  h a l f s p a c e s .  
Bac ka r ound 
There  a r e  many known Green's f u n c t i o n s  f o r  h a l f s p a c e  prob lems 
i n  e l a s t o s t a t i c s .  Most o f  t h e  known Green 's  f u n c t i o n s  a r e  
s p e c i a l i z e d  f o r  a s i n g l e  h a l f s p a c e  h a v i n g  a s t r e s s  f r e e  s u r f a c e  ( a  
s p e c i a l  case o f  bonded e l a s t i c  h a l f s p a c e s  when one o f  t h e  r e g i o n s  
has z e r o  r i g i d i t y ) .  We w i l l  f i r s t  b r i e f l y  s u r v e y  some o f  t h e s e  
known s o l u t i o n s  w i t h  o c c a s i o n a l  comments on t h e  method o f  
d e r i v a t i o n ,  t h e n  we w i l l  d i s c u s s  some o f  t h e  a n a l y t i c  methods used 
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t o  d e r f v e  Green's  f u n c t y o n s  i n  m u l t i l a y e r e d  h a l f s p a c e s ,  and m e n t i o n  
a few known r e s u l t s  f o r  l a y e r e d  systems w i t h  some comments. 
The most used p o f n t  s 3 ~ r c e  so1l ; t ions a r e  t h e  p o i n t  f o r c e ,  t h s  
d i s l o c a t i o n  and t h e  n u e l e i  o f  s t r a i n  ( o r  d o u b l e  c o u p l e )  s o l u t i o n s .  
T I-. - p o i n t  f o r c e  s o l : ; t i ~ r ;  f ~ r  2-0 p l a n e  problems i n  a h a l f s p a c e  b < = t !  
a f r e e  s u r f a c e  (F:el lan 1 9 3 ? ) ,  3 - D  prob lem i n  a h a l f s p a c e  w i t h  a 
f r e e  s u r f a c e  ( M i n d l i n  1 9 3 6 )  and 3-0 prob lem i n  bonded e l a s t i c  
h a l f s p a c e s  (Rongved 1 9 5 5 )  are known. Rongved o b t a i n e d  t h e  G r e e n * s  
f u n c t i o n  t h r o u g h  t h e  use  o f  t h e  Papkovich-Neuber p o t e n t i a l s  and 
arguments fro;;, hnrmonic  a n a l y s i s ;  t h e  r e s u l t i n g  s o l u t i o n  i s  i n  t h e  
f o r m  o f  t h e  sum o f  a p o i n t  f o r c e  s o l u t i o n  i n  i n f i n i t e  space and 
some p a i n t  sou rces  a t  t h e  image p o i n t  w i t h  r e s p e c t  t o  t h e  i n t e r f a c e  
p l a n e  - 
?he sc,--ew d i s l o c a t i o n  (e .g .  R y b i c k i  1 9 7 1 )  and edge d i s l o c a t f o n  
( e . g .  Freund and B a r n e t t  (1976a,b) p r e s e n t e d  i t  i n  i3 c o n v e n i e n t  
f o r m )  f o r  a h a l f s a a c e  w i t h  a f r e e  s u ~ f a c e  and a g e n e r a l  d i s f o c a t i o n  
l i n e  i n t e r s e c t i n g  a f r e e  s u r f a c z  ( Y o f f e  1 9 6 1 )  a r e  a l s o  known. The 
screw d i s l o c a t i o n  prob lem i s  o b t a i n e d  by t h e  method o f  images 
( s i n c e  t h e r e  i s  o;, ly one f i e l d  v a r i a b l e ) ,  w h i l e  Freund and B a r n e t t  
solved t h e  edge d i s l o c a t f o n  prob lem t h r o u g h  t h e  use  o f  complex 
a n a l y s i s  and t h e  M u s h k e l i s h v i l i  p o t e n t i a l s .  
There a r e  s i x  n u c l e i i  o f  s t r a i n  s a u r c e s .  The s o l u t i o r ,  t o  t h e  
f i r s t  (doub le  c o u p l e  i n  r; p l a n e  p a r a l l e l  t o  t h e  f r e e  s u r f a c e )  was 
g i v e r ,  by S t e k e t e e  ( 1 9 5 8 ) ,  t h e  r e m a i n i n g  f i v e  sou rces  were g i v e 7  by 
Maruyama ( 1 9 6 4 ) .  Maruyama used image n u c l e i i  o f  s t r a i n  sou rces  t c  
c a n c e l  t h e  t a n g e n t i 6 1  componerlt o f  t h e  s u r f a c e  t r a c t i o n  on t h e  f r e e  
s ~ r f a c e .  He t h e n  used t h e  Boussinesq s o l u t i o n  ( i n  G a l e r k i n  v e c t o r  
r e p r e s e n t a t i , o n )  and t h e  r e m a i n i n g  normal  t r a c t i o n s  on t h e  f r e e  
s u r f s c e  i r  a H a n k e l / F o u r i e r  t r a n s f o r m e d  space t o  o b t a i n  t h e  r e s t  o f  
t b e  f f e ' l s  a f t E r P i F 8 f C h  he t ra , - ,s formed t h e  s o l u t i o n  back t o  meal 
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space,  T h i s  p rocedure  i s  h f g h l y  s p e c i f i c  t o  h a l f  space prob lems 
w i t h  a f r e e  s u r T a c e  and cannot  be g e n e r a l i z e d  t o  m u l t i p l e  l a y e r e d  
systems.  We w i l l  n e x t  c o n s i d e r  the  known t e c h n i q u e s  t o  
s y s t s m a t i c a l l y  t r e a t  s o ~ i r c e s  i n  m u l t i p l e  l a y e r e d  media.  
'I 
A s y s t e m a t i c  f o t m m u ? a t i o n  f o -  t h e  d e r i v a t i o n  o f  t h s  f i e l d s  due 
t o  3-0 sources  i n  a l a y e r e d  h a l f s p a c e  was p r e s e n t e d  by Ben-Menahem 
and S i n g h  ( 1 9 6 8 )  and l a t e r  r e f i n e d  by S i n g h  ( 1 9 7 0 )  and 
i n d e p e n d e n t l y  by S a t 0  ( 1 9 7 1 ) .  The f o r m u l a t i o n  makes use o f  t h e  
ana logue o f  Hansen's e i g e n v e c t o r  expans ion  f o r  e l e c t r o m a g n e t i c  
prols?erns ( 1 9 3 5 )  a p p l i e d  t o  e l a s t o s t a t i c  and dynamic prcb lerns,  
con;bined w i t h  t h e  Haskell-Thompson t r a n s f e r  m a t r i x  t e c h n i q u e  and 
t h e  P e k e r i s  ( 1 9 5 5 )  ' S O L I ~ C C  c o n d i t i o n '  a t  t h e  l e v e l  o f  t h e  
d i s c o n t i n u i t y .  The f o r m u l a t i o n  leads t o  a s o l u t i o n  f o r  t h e  f i e l d  
v a r i a b l e s  o f  t h e  fa rm:  
dk 
where: 
a r e  c o n s t a n t s  dependent on t h e  i n d i c e s  s 
and q 
as. P , .  74' 64 
I i s  e e s s e l ' s  f u n c t f o n  o f  t h e  f i r s t  k i n d  and 
.-' P 
o f  o r d e r  p 
r is ths r a d f a l  ( c y l i n d r i c a l }  coordfncr; te 
z i s  t h e  z c y l i n d r i c a l  c o o r d i n a t e  
I< i s  ai-, f n t e g r a t i o n  v a r i a b l e  
I n  t h e  above j r , t eGra ls . ,  a 'S and 7 's may a l s o  depend Oi7 b o t h  i i 
t h e  e7astSc p r o p e r t i e s  c;;C t h e  h a ? ?  space and t h e  l a y e r .  
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Sato and M a t s u ' u r a  ( 1 9 7 3 )  and J o v a n o v i c h  e t  31.  ( 1 9 7 4  a ,b)  
made use o f  t h e  above ment ioned f o r m u l a t i o n  to c a l c u l a t e  s u r f a c e  
de fo rma t ions  by n u m e r i c a l l y  i n t e g r a t i n g  t h e  e n s u i n g  e x p r e s s i o n s .  
Such e v a l u a t i o n s  r2q; i re s p e c i a l  n u m e r i c a l  t e c h n i q u e s  and 
s i g n i f i c a n t  amounts o f  computatYonal  e f f o r t .  Fu r the rmore ,  no  f i e l d  
v a l u e s  were computsc: i n s i d e  t h e  l a y e r  o r  h a l f s p a c e .  T o  accomp l f sh  
such e v a l u a t i o n s  r e q u i r e s  s i g n i f i c a n t l y  more e f f o r t  ( b o t h  i n  
f u r t h e r  a l g e b r a i c  m a n i p u l a t i o n s  and i n  c o m p u t a t i o n s  and s p e c i a l  
numer i ca l  t r e a t m e n t s ) ;  t h i s  o b s e r v a t i o n  i s  e s p e c i a l l y  t r u e  f o r  
f i e l d  p o i n t s  c l o s e  t o  t h e  sou rce  p o i n t .  The i m p o r t a n c e  o f  h a v i n g  
t h e  f i e l d  v a r i a b l e s  b e i n g  a v a i l a b l e  everywhere  o c c u r s  when a 
boundary e l e m e n t / i n t e g r a l  e q u a t i o n  f o r m u l a t i o n  f o r  p rocesses  
o c c u r i n g  i n  a r e g i o n  c o n s i s t i n g  o f  such  m u l t i - l a y e r e d  media i s  
r e q u i r e d .  
A f o r m u l a t i o n  i n  t h e  same s p i r i t  as t h e  Ben-Menahem and S i n g h  
f o r m u l a t i o n  f o r  m u l t i - l a y e r e d  2 - 0  prob lems u s i n g  t h e  A i r y  s t r e s s  
f u n c t i o n  was p resen ted  by S ingh  and Garg ( 1 9 8 5 ) .  A l t h o u g h  t h e  
o r i g i n a l  fo rmula t - ioc  i s  a ;p l i cab le  t o  3 - D ,  2-D and a n t i p l a n e  
problems, t h e  s p e c i a l i z e d  2 - D  f o r m u l a t i o n  i s  l e s s  complex.  
S imple*  b u t  more s p e c i a l i z e d  p o i n t  s o u r c e  s o l u t i o n s  i n  
m u l t i - l a y e r e d  media a r e  a v a i l a b l e .  For  example,  R y b i c k i  ( 1 9 7 1 )  
p resented  t h e  s o l u t i o n  t o  a screw d i s l o c a t i o n  (can be s p e c i a l i z e d  
f r o m  h i s  e x p r e s s i o n s )  i n  a r e g i o n  c o n s i s t i n g  o f  an e l a s t i c  l a y e r  
w i t h  a f r e e  s u r f a c e  and p e r f e c t l y  bonded t o  an e l a s t i c  h a l f s p a c e .  
R y b i c k i  used t h e  method o f  images t o  d e r i v e  h i s  s o l u t i o n .  Rundle 
and Jackson ( 1 9 7 7 )  p r e s e n t e d  an approx ima te  s o l u t i o n  f o r  a 3-0 
doub le  c o u p l e  s o u r c e  p a r a l l e l  t o  t h e  f r e e  s u r f a c e  i n  a r e g i o n  
c o n s i s t i n g  of  an e l a s t i c  l a y e r  p e r f e c t l y  bonded t o  an e l a s t i c  
h a l f s p a c e .  The a p p r o x i m a t e  s o l u t i o n  was o b t a i n e d  by u s i n g  
S t e k e t e e ' s  1 9 5 8  s o l u t i o n  combined w i t h  t h e  use  o f  an image method 
( u s i n g  R y b i c k f ' s  t e c h n i q u e )  on t h e  " a n t i p l a n e "  p a r t  o f  t h e  p o i n t  
sou rce  be ing  c o n s i d e r e d .  
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Rundle and Jackson compared t h e i r  s o l u t i o n  f o r  t h e  s u r f a c e  
d e f o r m a t i o n s  t o  t h a t  o b t a i n e d  by t h e  d i r e c t  i n t e g r a t i o n  o f  t h e  
improper  i n t e g r a l s  o f  Jovannov ich  e t  a l .  and found  e r r o r s  up  t o  1 4 %  
wh:le v ~ i - j ; i i - ~ ~  t h e  tk,<ck:esz of the  p l a t s  and t h e  l o c a t f o n  o f  thE: 
s o u r c e ;  however,  t h e  e r r o r s  a r e  l e s s  t h a n  5 %  f o r  t h e  p a r a m e t e r i c  
v a l u e s  t h ~ y  nee.? i n  t h e i r  s p e ~ - ? f ? c :  a p p l i c a t i o n .  We n o t e  t h a t  t h e y  
t a k e  t h e  r i g i d i t y  c o n t r a s t  between t h e  ha l fs isace and e l a s t i c  l a y e r  
t o  be 1 0  t o  1 ,  a c h o i c e  t h a t  would f a v o r  t h e i r  a p p r o x i m a t i o n .  
Rundle and Jackson a l s o  o b t a i n e d  t h e  (app rox ima te )  response o f  
t h e  p o i n t  soa rce  t h e y  c o n s i d e r e d  w i t h  a v i s c o e l a s t i c  i n s t e a d  o f  an 
e l a s t i c  h a l f s p a c e  t h r o u g h  t h e  u s e  of t h e  cor respondence p r i n c i p l e .  
The d i r e c t  a p p l i c a t i o n  o f  t h e  correspondence p r i n c i p l e  to t h e i r  
e l a s t i c  s o l u t i o n  i s  p ~ s s f b l e  because t h e  m a t e r i a l  parameters  a r e  
k e p t  s e p e r a t e  f r o m  t h e  geomet r i c  c o o r d i n a t e s  ( i n  t h e  fo rm o f  a sum 
o f  m a t e r i a l  parameters  m u l t i p l i e d  by  a f u n c t i o n  o f  t h e  
c o o r d i n a t e s ) .  T h i s  p rocedure  i s  no t  d i r e c t l y  a p p l i c a b l e  t o  t h e  
s o l u t i o n  p resen ted  5ri t h e  f o r m  o f  improper  i n t e g r a l s  ( 1 )  because 
t h e  m a t E r i c . , ?  parameters  and t h e  geomEtr-ic c o o r d i n a t e s  a r e  
i n t e r m f x e d  i n  t h e  denominator  o f  t h e  i n t e g r a n d .  
F i n a l l y ,  we ment-i’on t h e  e x i s t e n c e  of  an image method f o r  
p e r ? e c t l y  bonded e 3 a s t i c  ha l fspaces  i n  te rms of t h e  
Papkovich-Neuber p o t e n t i a l s  (Aderogba 1 9 7 7 ) .  Aderogba p r e s e n t s  t h e  
a l g o r i t h m  f o r  o b t a i n i n g  t h e  f o u r  image p o t e n t i a l s  wh ich  i n v o l v e s  
m u l t i p l e  i n t e g r a t i o n s  w i t h  respec t  t C ;  t h e  c o o r d i n a t e  p e r p e n d i c d a r  
t c .  t h e  i n t e r f a c e  p l a n e  and d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  a l l  
t h r e e  c o o r d i n a t e s .  The a l g o r i t h m  we p r e s e n t  i n  t h i s  paper i n v o l v e s  
3 p o t e n t f a l s  o n l y ,  and o n l y  d i f f e r e n t i a t i o n  o f  t h e  p o t e n t i a l s  wSth 
r e s p e c t  t o  t h e  c o o r d i n a t e  p e r p e n d i c u l a r  t o  t h e  i n t e r f a c e  p l a n e  (&E. 
w e l l  a; m u l t f p 3 i c a t i c n  by s c a l a r s )  i s  r e q u i r e d .  T h i s  d i s t f n c t i o n  <:5 
e s p e c i a l l y  i m p o r t a n t  w h i l e  c o n t e m p l a t i n g  t h e  r e p e a t e d  USE of t h e  
imai;e a l g o r i t h m  t o  o b t a f n  t h e  f ’E lds  due t o  p o i n t  sou rces  i n  
regions consisting cjzf an elastic layer perfectly bonded to two 
el ast ic ha 1 f s paces. 
Prel i mi nc r v  Sons i derat i ans 
The imacje method ws consider here i s  dependent upon express'r,g 
the displacements in terms o f  potentials. The specific potentfa?s 
we use are the analogue to Hansen's potentials for elastostatics 
and dynamics. Unlike Ben-Menahem and Singh ( 1 9 6 8 )  we do not expand 
the potentials in terms of eigenfunctions. instead the algorithm 
operates directly on t h e  poteqtials. Note however, that the 
derivation of the algorithm makes use of the eigenfunction 
expansion techniaue (see Appendix 3). 
Specifically. w e  express the displacement field in terms of 
the Hansen potentials P P and P in the following way: 
1 '  2 3 
-R = [:;I EL = [PSI 
- VP 'x,y,z-h) 
2 \  
2 -6 ( 2 - h )  
a 
d i  
V-P ~ ( x , y , z - h ) 
10 
where: V i s  t h e  g r a d i e n t  o p e r a t o r  
v x i s  t h e  c u r l  o p e r a t o r  
V2Pl = v 2 P 2  = v 2 P 3  = 0 
6 -  A + P  
A + 3p 
A i s  t h e  Larne cons tan t  
P i s  t h e  shear  modulus 
h i s  a s c a l a r  f o r  s h i f t i n g  t h e  z - c o o r d i n a t e  
P 2  and P have t o  be harmonic  i n  
1 '  3 Note  t h a t  t h e  p o t e n t i a l s  P 
o r d e r  f o r  N, E and B t o  s a t i s f y  e q u i l i b r i u m .  The C a r t e s i a n  
components f o r  t h e  d i sp lacemen ts ,  s t r a i n s  and s t r e s s e s  a r e  g i v e n  i n  
Appendix  1 .  
I n  o r d e r  f o r  t h e s e  p o t e n t i a l s  t o  be u s e f u l  f o r  o u r  purpose,  we 
d e s c r i b e  how t o  o b t a i n  t h e s e  p o t e n t i a l s  g i v e n  an e l a s t i c  f i e l d  
s a t i s f y i n g  e q u i l i b r i u m .  We n o t e  t h e  f o l l o w i n g :  
v 9 u  = v * M  = 0 
v x N = O  
2 
a 2 p  
b Z 2  
V'j f  = 2 * ( 1 - 6 ) . -  
T h e r e f o r e ,  i f  we have a g i ven  d i sp lacemen t  f i e l d  gr we 
c a l c u l a t e  t h e  f a l l o w i n g :  
11 
and 
From t h e  above r e l a t i o n s  we f i n d  t h a t :  
( 4 )  
( 5 )  
,. 
P3 = dz d z [ ( v  x u ) - e Z  + z . F 3 ( x , y )  + G3(x ,y )  S I  
The F i ts  and Gi's a r e  chosen S U C ~  t h a t  P and P 3  a r e  harmonic  2 
i n  t h e  r e q u i r e d  r e g i o n .  Note,  f o r  t h e  image method we s h o u l d  choose 
a l l  t h e  s i n g u l a r i t i e s  of  t h e  p o t e n t i a l s  t o  occu r  i n  t h e  r e g i o n  
where t h e  s o u r c e  o c c u r s .  T h i s  i s  made c l e a r e r  i n  append ix  5 when we 
cons ide r  examples o f  t h e  use o f  t h e  a l g o r i t h m .  F i n a l l y ,  once P and 
P a r e  de te rm ined ,  whatever  remains  i s  a s c r i b e d  t o  P I f  t h e  g i v e n  
d isp lacement  f i e l d  does s a t i s f y  e q u i l i b r i u m ,  t h e  f i e l d  s h o u l d  be 
e x p r e s s i b l e  i n  te rms o f  t h e s e  t h r e e  p o t e n t i a l s  (see  Ben-Menahem and 
S i n g h  1 9 6 8 ,  and Morse and Feshbach 1 9 5 3 ) .  
2 
3 1 '  
The Hansen p o t e n t i a l s  f o r  a p o i n t  f o r c e ,  a l i n e  f o r c e  
p e r p e n d i c u l a r  t o  t h e  r - d i r e c t i o n ,  and an edge d i s l o c a t i o n  
p e r p e n d i c u l a r  t o  t h e  z - d i r e c t i o n  a r e  g i v e n  i n  Appendix 2 .  We w i l l  
show l a t e r  (as  i s  a l r e a d y  known) t h a t  t h e r e  i s  no  need t o  o b t a i n  
t h e  potent . ia1s f o r  a p u r e l y  a n t i p l a n e  d e f o r m a t i o n  f i e l d ,  s i n c e  t h e  
image f i e l d  i n v o l v e s  a f i e l d  o f  a s i m i l i a r  n a t u r e  as t h e  s o u r c e .  
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The A lc io r i t hm 
Now we d e s c r i b e  t h e  a l g o r i t h m  and t h e  n o t a t i o n  a s s o c i a t e d  w i t h  
= c .  l c . ,  c o n s i d e r  two e l a s t i c  ha l f spaces  p e r f e c t l y  bonded a l o n g  ar, 
I 
i n t e r f a c e  p l a n e  a t  z = O  (see  f i g u r e  1 ) .  The m a t e r i a l  p r o p e r t i e s  of 
regfor? : a r e  d e s c r f b e d  b y  p 1  and 6 and o f  r e g i o n  2 b y  p2  ar,d 6 1 '  2 
Next  we d e f i n e  t h e  f o l l o w i n g :  
F ( x , y . z )  P(x,y,-z> 
(6,+1) 
Note  t h a t  i f  P i s  harmonic  then 9 i s  a l s o  harmonic  and hence 
can be used as a Hansen p o t e n t i a l  f o r  N, E and E. 
The a l g o r i t h m  s t a t e s  t h a t  i f  we have t h e  r e p r e s e n t a t i o n  f o r  ii 
p o i n t  s o u r c e  i n  i n f i n i t e  space o f  e ? a s t i c  c o n s t a n t s  s i m i l a r  t o  
t h o s e  o f  r e g l o n  1 a t  t h e  l o c a t i o n  x=y=O and z=h d e s c r i b e d  by t h e  
d fsp lacemen t  f i e l d :  
t h e n  t h e  d i sp lacemen t  f i e l d s  i n  r e g i o n s  1 and 2 f o r  a s i m i l i a r  
p o i n t  s o u r c e  i n  r e g i o n  1 a t  x=y=O and z=h a r e  g i v e n  by :  
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where: 
We note that: 
+(  1-a) 
( 1 1 )  I and: 
- I 
ER(-h,a,b.6,) - = BR(+h,a,b,6,) - 
0 
N o t e  t h a t  t h e  P -L l r 2  e r e  s i m p l e  m u l t i p l i c a t i v e s  o f  EL. The c a s e  
0 when 2, = 0 c o r r e s p o n d s  t o  t h e  purely anti-plane problem, and t h u s ,  
t h e  algorithm reduces to t h e  s c a l a r  i m a g e  method f o r  t h a t  case. 
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The d e r i v a t i o n  o f  t h e  above a l g o r i t h m  i s  g i v e n  i n  Appendix  3 ,  
a n  a n a l y t i c  check o f  t h e  a l g o r i t h m  (making s u r e  t h e  d i s p l a c e m e n t  
and t r a c t i o n  i n t e r f a c e  c o n d i t i o n s  a r e  s a t i s f i e d )  u s i n g  t h e  
C a r t e s i a n  components i s  shown i n  Appendix  4 ,  and f i n a l l y  some 
sample known s o l u t i o n s  a r e  r e d e r i v e d  i n  append ix  5 ;  namely screw 
d i s l o c a t i o n  i n  a h a l f  space w i t h  a f r e e  s u r f a c e ,  t h e  Bouss inesq and 
C e r r u t i  p o i n t  f o r c e  normal  and t a n g e n t i a l  ( r e s p e c t i v e l y )  t o  a f r e e  
s u r f a c e ,  F l a m a n t ' s  l i n e  f o r c e  normal t o  a f r e e  s u r f a c e ,  a l i n e  
f o r c e  t a n g e n t i a l  t o  a f r e e  s u r f a c e ,  and f i n a l l y  M i n d l i n ' s  s o l u t i o n  
of  a p o i n t  f o r c e  i n t e r i o r  t o  a h a l f s p a c e .  
I n  a n t i c i p a t i o n  o f  a p p l y i n g  t h e  above a l g o r i t h m  t o  t h e  
d e r i v a t i o n  o f  p o i n t  sou rces  f o r  a r e g i o n  c o n s i s t i n g  o f  an e l a s t i c  
l a y e r  p e r f e c t l y  bonded t o  two e l a s t i c  h a l f s p a c e s ,  we c o n s i d e r  t h e  
e f f e c t  o f  s h i f t i n g  t h e  i n t e r f a c e  p l a n e  f r o m  z=O t o  z=H on t h e  f o r m  
o f  t h e  te rms  i n  t h e  a l g o r i t h m .  
Assume t h e  i n t e r f a c e  i s  a t  z = H .  D e f i n e  a new c o o r d i n a t e  
z '  = z - H .  I f  z = h i s  t h e  l o c a t i o n  o f  t h e  s o u r c e  p o i n t  ( h  > H )  t h e n  
z' = h-H i s  t h e  l o c a t i o n  o f  t h e  sou rce  p o i n t  i n  te rms o f  t h e  new 
c o o r d i n a t e ,  and z '  = H-h ( z  = 2H-h)  i s  t h e  l o c a t i o n  o f  t h e  image o f  
t h e  s o u r c e  p o i n t  w i t h  r e s p e c t  t o  t h e  i n t e r f a c e .  I n  te rms  o f  2 ' .  t h e  
a l g o r i t h m  i s  a p p l i c a b l e  as shown above w i t h  heffective = h-H. We 
t h e n  r e e x p r e s s  z '  i n  terms o f  z .  T h e r e f o r e ,  f o r  t h e  case when z=H 
i s  t h e  i n t e r f a c e  p l a n e  we g e t :  
g i v e n  : 
t h e n  : 
I 15 
where: 
t 0 
-R 
Rp’( H- h , a, b , 6  ) *P - ,
E, 2 = IR(-H+h,a,b.6, ,6,) .P0 
- --R 
P o i n t  sources i n  a r e a i o n  c o n s i s t i n a  o f  an e l a s t i c  l a v e r  p e r f e c t l y  
bonded t o  two e l a s t i c  h a l f s p a c e s .  
I n  t h i s  s e c t i o n ,  we c o n s i d e r  t h e  method o f  d e r i v a t i o n  o f  t h e  
d isp lacement  f i e l d  due t o  a p o i n t  s o u r c e  i n  a r e g i o n  c o n s i s t i n g  o f  
an e l a s t i c  p l a t e  ( O c z c H )  p e r f e c t l y  bonded t o  two e l a s t i c  h a l f s p a c e s  
( see  f i g u r e  2 ) .  The l o c a t i o n  o f  t h e  p o i n t  s o u r c e  i s  a l l o w e d  t o  be 
e i t h e r  i n  t h e  p l a t e  o r  i n  one o f  t h e  h a l f s p a c e s .  The case o f  t h e  
s o u r c e  be ing  i n  t h e  e l a s t i c  p l a t e  and t h e  case o f  t h e  s o u r c e  b e i n g  
i n  one of t h e  h a l f s p a c e s  have t o  be t r e a t e d  s e p e r a t e l y .  The e l a s t i c  
parameters used t o  c h a r a c t e r i z e  each r e g i o n  a r e  chosen t o  be p i and 
6i, where 6 i s  d e f i n e d  as bi = ( A + p ) / ( A + 3 p ) .  
i 
I n  o r d e r  t o  s i m p l i f y  t h e  p r e s e n t a t i o n ,  we d e f i n e  t h e  f o l l o w i n g  
te rms  ( t h i s  n o t a t i o n  i s  suggested  f r o m  p r i v a t e  n o t e s  by R i c e  1 9 8 5  
o f  an o u t l i n e  o f  u s i n g  t h e  image method combined w i t h  t h e  
Papkovich-Neuber p a t e n t i a l s  t o  s o l v e  t h e  same problem, a l t h o u g h  a 
d e t a i l e d  d e s c r i p t i o n  o f  t h e  i m p l e m e n t a t i o n  i s  n o t  p e r f o r m e d ) :  
I 
1 
~ 
IJ = P 3  P = P 2  7 = p / p ,  I 
i 
+ - f f 
1 
- + 6 E 63 6 H 6  
2 
~- 
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* h 
a = (62+1)/(62+7 ) * * b P (g2+1)/(7 61+1) 
Case I :  source  i s  i n  r e a i o n  1 ( t h e  e l a s t i c  p l a t e ) .  and h < H  
R e f e r r i n g  t o  f i g u r e  3, a p o i n t  s o u r c e  l o c a t e d  i n  an e l a s t i c  
p l a t e  r e q u i r e s  a d d i t i o n a l  f i e l d s  ( d e r i v e d  u s i n g  t h e  a l g o r i t h m )  t o  
con fo rm w i t h  t h e  boundary c o n d i t i o n s  on t h e  upper  i n t e r f a c e .  These 
a d d i t i o n a l  genera ted  f i e l d s  have t o  conform w i t h  boundary 
c o n d i t i o n s  ( d e r i v e d   sing t h e  a l g o r i t h m  a t  a s h i f t e d  i n t e r f a c e  o f  
l o c a t i o n  z=H) on t h e  l ower  i n t e r f a c e ;  hence each f i e l d  g e n e r a t e d  by 
t h e  a l g o r i t h m  r e q u i r e s  a f u r t h e r  image. The same argument a p p l i e s  
when we s t a r t  s a t i s f y i n g  boundary c o n d i t i o n s  a t  t h e  l o w e r  i n t e r f a c e  
f i r s t .  Hence, we can deduce t h e  f o l l o w i n g :  
G iven a p o i n t  sou rce  i n  r e g i o n  1 ( h < H )  i n  t h e  fo rm:  
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T h e n  : 
2-+ 
2 1 ~ ( - 2 ( m - I ) H - h , 6  m- 1 
w h e r e :  
I+ + 0 
1 -+ -1 + 
I+ 
IDR ( 0 )  = B R ( - h ) * r R  
--R ( m )  = F ? i ( ( 2 m - l ) H + h ) . E R  (m-1)  
+ -1 -+ 
(m)  = R R ( - 2 m H - h ) * P  (m) ER - -2 
0 - 1- 
1 +- + -1 - 
-R Y1- (m)  = F&((2m+l)H-h).P -R 
E-R ( 0 )  = g R ( H - h ) ' l P R  
E R  - -R (m) = RR(-2mH+h) .P  ( m - I )  
-1 +- 
(m) 
0 Pi-(O) = T_ i ( -H+h) .P  - --K 
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2-  -1 +- E, ( m )  = L i ( - (2m+l )H+h)*P_R ( m )  
-R - 
P2-+  ( m )  = IR(1(2m-1)H-h)*eR -1 + (m-1) 
From t h e  above r e c u r s i v e  r e l a t i o n s  f o r  t h e  " image"  p o t e n t i a l s  
we would l i k e  t o  o b t a i n  t h e i r  d i r e c t  r e l a t i o n  t o  t h e  i n f i n i t e  space 
p o t e n t i a l s  P o  and P o  T h i s  can be done by i n d u c t i o n  and t h e  f i n a l  -R - -L - 
r e s u l t s  a r e :  
R+ -u *P =L -L 
r m  1 
r m  1 
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0 
Once t h e  P' p o t e n t i a l s  a r e  known i n  te rms  o f  t h e  P 
p o t e n t i a l s ,  t h e  P2 p o t e n t i a l s  a r e  o b t a i n e d  by one f u r t h e r  m a t r i x  
o p e r a t i o n  as g i v e n  p r e v i o u s l y  ( 1 6 ) .  
Note t h a t  whereas t h e  EL - and J L  m a t r i c e s  c o n s i s t  o f  one s c a l a r  
pe r  m a t r i x ,  t h e  - and 1, - m a t i c e s  a r e  4 x 4  m a t r i x  o p e r a t o r s  
a I' a 
a z  a z 2  i n v o l v i n g  - and - o p e r a t o r s  a s  w e l l  as c o n s t a n t s .  
One s u b t l e  p o i n t  when d e r i v i n g  any g i v e n  p o i n t  s o u r c e  f o r  t h i s  
case ( i . e .  when t h e  p o i n t  s o u r c e  i s  i n  t h e  e l a s t i c  l a y e r )  i s  t h a t  
t h e  p o t e n t i a l s  have t o  have a l l  t h e i r  s i n g u l a r i t i e s  i n  t h e  r e g i o n  
z>O f o r  t h e  s e r i e s  o f  " image"  p o t e n t i a l s  genera ted  w i t h  t h e  f i r s t  
r e f l e c t i o n  b e i n g  w i t h  r e s p e c t  to t h e  upper  i n t e r f a c e ,  and t h e  
p o t e n t i a l s  have t o  have a l l  t h e i r  s i n g u l a r i t i e s  i n  t h e  r e g i o n  z<H 
f o r  t h e  s e r i e s  o f  " image"  p o t e n t i a l s  genera ted  w i t h  t h e  f i r s t  
r e f l e c t i o n  b e i n g  w i t h  r e s p e c t  t o  t h e  l o w e r  i n t e r f a c e .  These 
c o n d i t i o n s  a r e  imposed on t h e  c h o i c e  o f  t h e  p o t e n t i a l s  d e f i n i n g  t h e  
o r i g i n a l  sou rce ,  i n  o r d e r  n o t  t o  i n t r o d u c e  any f u r t h e r  
s i n g u l a r i t i e s  i n  any g i v e n  r e g i o n  t h r u  t h e  use  o f  t h e  a l g o r i t h m .  
T h i s  c o n d i t i o n  can be s a t i s f i e d  due t o  t h e  f l e x i b i l i t y  i n  c h o o s i n g  
t h e  p o t e n t i a l s .  
Case 11: sou rce  i s  i n  r e a i o n  2 ( t h e  l o w e r  h a l f s D a c  e )  and h>H 
R e f e r r i n g  t o  f i g u r e  4 ,  a p o i n t  s o u r c e  l o c a t e d  i n  an e l a s t i c  
ha l f -space r e q u i r e s  a d d i t i o n a l  f i e l d s  ( d e r i v e d  u s i n g  t h e  a l g o r i t h m )  , 
t o  conform w-ith t h e  boundary c o n d i t i o n s  on t h e  f i r s t  upper  I 
i n t e r f a c e  (i . e .  t h e  e l a s t i c  p l a t e  and lower  h a l f s p a c e  i n t e r f a c e ) .  
I 
I 
I 
20 
F i e l d s  i n  t h e  e l a s t i c  D l a t e  a r e  t h u s  g e n e r a t e d ,  a n d  t h e s e  h a v e  t o  
cor,form w i t h  b o u n d a r y  c o n d i t i o n s  o n  t h e  u p p e r  i n t e r f a c e  (z=O) v i 2  
t h e  a l g o r i t h m .  F r o m  t h e r e o n  e a c h  new f i e l d  g e n e r a t e d  i n f l u e n c i n g  
t h e  e l a s t i c  p l a t e  h a v e  t o  h a v e  a f u r t h a r  " i m a g e " .  H o w e v e r ,  t h e r e  i s  
o n l y  o n e  " se r i e s "  of s o u r c e s  g e n e r a t e d  by t h i s  process  s i n c e  t h e  
f i r s t  e l a s t i c  f i e ? d  g e n e r a t e d  i n  t h e  e l a s t i c  p l a t e  a l r e a d y  
s a t i s f i e s  t h e  b o u n d a r y  c o n d i t i o n s  w i t h  respec t  t o  t h e  lcwer 
h a l f s p a c e .  H e n c e ,  w e  c a n  d e d u c e  t h e  f o l l o w i n g :  
G i v e n  a p o i n t  s o u r c e  i n  r e g i o n  2 ( h > H )  i n  t h e  form: 
ORIGINAL PAQE IS 
#)OR QUALlTY 
&+ 2-+ 
+J,LJ( -2 (rn-1 )H -h ,  6 2 '-R ( m ) * E L  ( m ) )  
I +  + * o  
1 -+ - -1+ 
? +  t -:-+ 
EL (0) = !3L'IL'E, 
EL - -L 
EL ( m )  = E, *E, (rn: 
(m) = BL.Y (m-1) 
L i  - 
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2- * 0 :  P ( 0 )  = ,RR(H-h)*P 
-R -R 
-R - 
p 2 - +  (m) = l ' ,(-(2m-1)H-h).f1+(m-l) 
-R 
From t h e  above r e c u r s i v e  r e l a t i o n s  f o r  t h e  " image" p o t e n t i a l s  
we would l i k e  t o  o b t a i n  t h e i r  d i r e c t  r e l a t i o n  t o  t h e  i n f i n i t e  s p a c e  
0 0 p o t e n t i a l s  P and E,. T h i s  can be done by i n d u c t i o n  and t h e  f i n a l  -R 
r e s u l t s  a r e :  
r m  1 
A g a i n ,  once t h e  10' p o t e n t i a l s  a r e  known i n  te rms of t h e  P 0 
z p o t e n t i a l s ,  t h e  'P p o t e n t i a l s  a r e  o b t a i n e d  by  one f u r t h e r  m a t r i x  
o p e r a t i o n  as g i v e n  p r e v i o u s l y  ( 2 0 ) .  
When d e r i v i n g  any g i v e n  p o i n t  ~ ~ ~ r c e  f o r  t h i s  case ( i . e .  when 
t h e  p o i n t  s o u r c e  i s  i n  t h e  l ower  h a l f s p a c e )  the  p o t e n t i a l s  have to 
have a l l  t h e i r  s i n g u l a r i t i e s  i n  t h e  r e g i o n  z>H, i n  o r d e r  f o r  t h e  
r e f l e c t e d  images n o t  t o  i n t r o d u c e  any f u r t h e r  s i n g u l a r i t i e s  w i t h i n  
any g i ven  r e g i o n .  
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Conc lus ions  and f u r t h e r  recommendations 
I 
A v e c t o r  image method has been p resen ted ,  f o r  e l a s t i c  problems 
~ 
I 
w i t h  p l a n a r  l a y e r i n g .  A n  a l g o r i t h m  has been p r e s e n t e d  on how t o  
d e r i v e  p o i n t  s o u r c e  s o l u t i o n s  f o r  two  bonded e l a s t i c  h a l f s p a c e s ,  
a n d  t h e n  ex tended t o  t h e  c a s e  o f  a n  e l a s t i c  l a y e r  p e r f e c t l y  bonded 
t o  two h a l f s p a c e s .  S p e c i f i c  cases have been worked o u t  and shown t o  
c o i n c i d e  w i t h  w e l l  known s o l u t i o n s  i n  t h e  l i t e r a t u r e .  A s t u d y  o f  
t h e  number o f  image p o t e n t i a l s  r e q u i r e d  to o b t a i n  a good 
a p p r o x i m a t i o n  f o r  t h e  l a y e r e d  medium prob lem has n o t  been 
i n v e s t i g a t e d ,  bu t  i s  o f  c o n s i d e r a b l e  p r a c t i c a l  i n t e r e s t .  
I 
A f e a t u r e  o f  t h i s  image method i s  t h a t  s o l u t i o n s  a r e  o b t a i n e d  
i n  e i t h e r  c l o s e d  fo rm o r  as i n f i n i t e  s e r i e s  o f  r e l a t i v e l y  s i m p l e  
e x p r e s s i o n s .  The f o r m  o f  t h e  exp ress ions  a l l o w  t h e  use  o f  t e r m  by 
t e r m  a p p l i c a t i o n  o f  t h e  correspondence p r i n c i p l e  f o r  o b t a i n i n g  t h e  
v i s c o e l a s t i c  response o f  t h e  s o l u t i o n  of  t h e  c o r r e s p o n d i n g  p o i n t  
s o u r c e  i n  a v i s c o e l a s t i c  l a y e r e d  medium. 
The method o f  d e r i v i n g  t h e  a l g o r i t h m  suggests  t h a t  an 
ana logous a l g o r i t h m  can be o b t a i n e d  f o r  s p h e r i c a l  i n t e r f a c e  
p rob lems ,  and 2 - 0  ( b u t  n o t  3-0) c y l i n d r i c a l  i n t e r f a c e  prob lems i n  
e l a s t o s t a t i c s .  T h i s  s u g g e s t i o n  i s  s u p p o r t e d  by t h e  e x i s t e n c e  o f  a 
s c a l a r  image method and Hansen p o t e n t i a l  r e p r e s e n t a t i o n s  f o r  b o t h  
t h e s e  g e o m e t r i e s .  
F i n a l l y ,  i t  would a l s o  be of i n t e r e s t  t o  i n v e s t i g a t e  
e q u i v a l e n t  a l g o r i t h m s  f o r  o t h e r  gove rn ing  e q u a t i o n s .  For  example,  
e l a s t o d y n a m i c s  and p o r o e l a s t i c i t y  c o u l d  be p o t e n t i a l  c a n d i d a t e s  f o r  
such an i n v e s t i g a t i o n .  E lastodynamic problems,  i n  p a r t i c u l a r ,  do 
have Hansen p o t e n t i a l  r e p r e s e n t a t i o n s  t h a t  have been w e l l  
e s t a b l i s h e d  and used and c o u l d  be i n v e s t i g a t e d  f i r s t  w i t h o u t  t h e  
cons i de r a b 1 e pi-. e 1 i m i  n a r y f or’mu 1 a t  i ons t ha t a r e  needed f o r  
p o r o e l a ’ s t i c  p rob lems.  
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ADDendix 1 :  C a r t e s i a n  cornDonents o f  t h e  d i sD lacemen ts .  
a r a d i e n t s  of t h e  d iso lacernents .  s t r a i n s  and s t r e s s e s  
i n  t e  rms of Hansen'c; D o t e n t i a l s  
DisElacements:  
( 1 . 1 )  
G r a d i e n t s  of t h e  d fsD lacemen ts :  
a 
-1; 
a x  x 
a 
a y  x -U 
a 
az x -U 
a 
-U a x  y 
a 
aY Y 
-il 
a 
4 
Y 
a 
a x  z -U 
a 
d y  z - 4 . 1  
a 2  P +-P3 a 2  a' - -P - 2 . 6 . ~ -  a 2  TP 1 a x  2 2 a x a y  a x  a z  2 2  a x  
a 2  
Y ,  a x a y  I 
a 2  
ay '  
-Y, 
a 2  
-Y, a y d z  I 
a 2  
a' 
dyaz." 1 
Y ,  a x a z  7 
( 1 . 2 )  
Strains: 
(1.3) 
S t r e s s e s  : 
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N o t e :  2h*(1-6) = 2 p - ( 3 8 - 1 )  
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ADnendix 2 :  SamDle p o t e n t i a l s  f o r  some D o i n t  sou rces  
P a i n t  Force :  
I 
The d i sp lacemen t  f i e l d  due t o  a p o i n t  f o r c e  a t  t h e  o r i g i n  can I 
i be w r i t t e n  a s :  
+ 6 * p k . x k ' x i " 3  I 1  1 1 * [  P i ?  r u =  i 4 5 r p . ( 1 + 8 )  
a r e  t h e  magnitudes o f  t h e  p o i n t  f o r c e s  i n  t h e  
it h - d i  r e c t  i o n  
pi 
For t h e  s o i n t  f o r c e  i t  can then be checked t h a t  t h e  Hansen 
p o t e n t i a l s  a r e :  
1 - P  X Y f p g * ? n ( r f z )  P, - - * [  2 p1 'rfz + i 3 2 ' r f z  
where: P z 1 / [ 4 n p * ( l + 8 ) ]  
No te  t h a t  if t h e  upper  ( l o w e r )  " s i g n "  i s  chosen i n  one 
e x p r e s s i o r , ,  t h e  upper  ( l o w e r )  " s i g n s "  must be chosen t h r o u g h o u t  f o r  
a l l  t h e  p o t e n t i a l s .  A l s o  n o t e  t h a t  t a k i n g  r + z  (r-z) i n  t h e  
e x p r e s s i o n s  makes t h e  p o t e n t i a l s  ( b u t  n o t  n e c e s s a r i l y  t h e  
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displacements) singular when x=y=O and z c 0  (z>o). 
Line f o  rces at x = 0 Darallel to the z = 0 Dlane 
The displacement field due to a line force can be written ( f o r  
plain strain) as: 
and 
u = o  2 
for i,k = 1 . 3  
( 2 . 3 )  
where: 
2 t 2  = x2 + z 
are the magnitude o f  the line forces 3 P, and P 
F o r  the line f a r c e  it can be checked that the Hansen 
potentials are: 
p3-[ z-lnt - z + x-arctan(-) - X = I  
1 -p:.[ z*arctan(-) z - x*lnt + (1+8)*x P 2  - - * [  a X 
I 
P3 = 0 
30 
B i s l  o c a t  i o n s  Dara l l e l  t o  t he 7=0 Diane: 
The d i sp lacemen t  due t o  a d i s l o c a t i o n  a l o n g  t h e  y - a x i s  ( p l a n e  
s t r a i n )  can be w r i t t e n  as :  
+ ;i.i;..[ a -(2ptikdk)-7nQ + (2penkdk) .6 .x  - x  -- n i  
f o r  i , k . n  = 1 , 3  
and : 
u = o  2 
d ,  and d a r e  t h e  s l i p  magn i tude of t h e  d i s l o c a t i o n s  3 
We n o t e  t h a t  t h e  te rms i n  t h e  second b r a c k e t s  e x p r e s s i n g  t h e  
d i s p l a c e m e n t s  a r e  o f  t h e  fo rm o f  l i n e  f o r c e  e x p r e s s i o n s  w i t h  
e q u i v a l e n t  magni tudes o f  2pa d and t h u s  t h e i r  Hansen p o t e n t i a l s  i k  I.( 
a r e  a l r e a d y  known. The Hansen p o t e n t i a l s  f o r  t h e  te rms  i n  t h e  f i r s t  
b r a c k e t  can be shown t o  be: 
- &+[  d , * [  z. lnC - z + g i r s k  r a c  e t  - ? I  
g i r s k  , r a c  e t  
2 = o  
g i  r s k  
3 
r a c  e t  = P 
( 2 . E )  
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ARDendix 3 :  D e r i v a t i o n  o f  t h e  imaae method a l a o r i t h m  
The e i g e n f u n c t i o n  expans ion  method f o r  e l a s t i c i t y  problems i n  
l a y e r e d  media was f i r s t  f o r m u l a t e d  by Ben-Menahem and S i n g h  1 9 6 8 .  
We have used t h i s  method t o  d e r i v e  t h e  a l g o r i t h m  d i s c u s s e d  i n  t h i s  
paper .  l h e  n o t a t i o n  ( a s  f a r  as  possi ' ls le)  i s  t h e  same as i n  t h e  1 9 6 E  
r e f e r e n c e  paper ,  a l t h o u g h  some new tempora ry  te rms  have been 
d e f i n e d  i n  o r d e r  t o  s i m p l i f y  t h e  a l g e b r a  f o r  t h i s  s p e c i f i c  
i m p l  ement a t  i on. 
T 
Any e l a s t i c  d i sp lacemen t  f i e l d  s a t i s f y i n g  t h e  e q u i l i b r i u m  
e q u a t i o n s :  
can be w r i t t e n  a s  t h e  sum of N, E and B: 
M = v x [ e  *P3] 
Z - 
V * P 1  = V 2 P  = V 2 P  = 0 
2 3 
( 3 . 1 )  
( 3 . 2 :  
Us ing t h e  method o f  t h e  s e p a r a t i o n  o f  v a r i a b l e s  i n  c y l i n d r i c a l  
c o o r d i n a t e s  on t h e  F o t e n t i a l s  P P and P3 i n  t h e  fo rm:  
1 '  2 
P = R(r).F(e)*Z(z) 
We g e t :  ( 3 . 3 )  
P = exp(fkz)-J ( k r ) . e x p ( f i m e )  rn 
where: 
I 
%' m i s  e e s s e l ' s  func t io r - l  o f  t h e  f i r s t  k i n d  rnth o r d e r  
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Reexpress ing  P 
a 
P2 and P3 i n  t h e  above f o r m  and c a r r y i n g  o u t  1 '  
t h e  v and v x and 6z o p e r a t i o n s ,  we g e t :  
( 3 . 4 )  
B t  and Cm * Eire c o n s t a n t s  dependent on ' m '  o n l y .  i Am * where: 
I F* = e x p ( f k z ) *  ( f l - 26kz ) .Pm - (1*26kz ) *Bm -m 
M* = exp(*kz).G, -m 
and : 
h 
P = e * J m ( k r ) * e x p ( i m O )  -m z 
r ) exp ( i m e  ) l a  €, = (er--.=* - e e * z > J m ( k  
(3.5) 
I n  t h e  above e x p r e s s i o n s  f o r  Em, 8, and Gm t h e r e  i s  t h e  
i m p l i c i t  u n d e r s t a n d i n g  t h a t  we can c o n s i d e r  e i t h e r  t h e  r e a l  o r  
i m a g i n a r y  components o f  t h e  exp ress ions  s e p e r a t e l y .  
From t h e  above e x p r e s s i o n s  f o r  t h e  d i s p l a c e m e n t s ,  we can f f n d  
t h e  e x p r e s s i o n s  f o r  t h e  t r a c t i o n s  a t  a p l a n e  z = c o n s t a n t ,  and we 
r e w r i t e  t h e  above a s :  
73 
where :  
and:  
R u = x - P  -m m -m + Ym*'m 
-m T K  = 2k-Xm*F', + 2 k . Y i - B m  
L 
-m 
T L  = k . 2  . C  
-m rn -m 
u = Zm'Cm 
( 3 . 6 )  
( 3 . 7 )  
(3.8) 
- x = A m . e x p ( k z )  + - A m . e x p ( - k z )  
m 
+ e + . ( 1 - 2 6 k z ) . e x p ( k z )  + B i . ( - l - 2 6 k z ) * e x p ( - k z )  
rn 
- 
'm = A + * e x p ( k z )  m + A m . e x p ( - k z )  
+ 
+ B m * ( - l - 2 8 k z ) * e x p ( k z )  + B - * ( - 1 + 2 6 k z ) * e x p ( - k z )  m 
z = c; - e x p ( k z )  + C i . e x p ( - k z )  
m 
'm = A + * p . e x p ( k z )  m + A i * p * e x p ( - k z )  
+ I?; * p 6 * ( 1 - 2 k z ) * e x p ( k z )  + B i * p 6 * ( 1 + 2 k z ) * e x p ( - k z )  
+ 
= C m * p * e x p ( k z )  - C - * p * e x p ( - k z )  
'm m 
( 3 . 3 )  
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We notSce t h a t  t h a t  uR components a r e  uncoup led  f r o m  t h e  uL f n  
-m -m 
f L 
m '  -m t h e  sense t h a t  t h e  A* em c o e f f i c i e n t s  do n o t  a f f e c t  t h e  L; 
R 
components and t h e  C*  c o e f f i c i e n t s  do n o t  a f f e c t  t h e  M, components. 
We t h e r e f o r e  t r e a t  t h e  uR and the  uL  components s e p e r a t e l y  when 
a n a l y z i n g  a s p e c i f i c  p rob lem i n  terms o f  t h e  Hansen p o t e n t i a l s .  
m 
-m -m 
Now we c o n s i d e r  t h e  s p e c i f i c  geometry  shown i n  f i g u r e  3 . 1 .  The 
r e g i o n  c o n s i s t s  o f  two e l a s t i c  m a t e r i a l s  s e p e r a t e d  by  a p l a n a r  
i n t e r f a c e .  The m a t e r i a l  e l a s t i c i t y  parameters  used t o  c h a r a c t e r i z e  
t h e  r e g i o n s  a r e  taken  t o  be  p l ,  6, and p 2 ,  6,. A p o i n t  s o u r c e  
e x i s t s  a t  t h e  p o s f t i o n  z = - h .  We a r e  r e q u i r e d  t o  f i n d  t h e  
d i s p l a c e m e n t  f i e l d s  f o r  r e g i o n  1 (~(0) and f o r  r e g i o n  2 ( z Z 0 )  under  
t h e  i n f l u e n c e  o f  t h e  p o i n t  source,  such t h a t  t h e  d i s p l a c e m e n t s  and 
t h e  t r a c t i o n s  a r e  c o n t i n u o u s  across  t h e  i n t e r f a c e  p l a n e  (z=O). 
I n  what f o l l o w s ,  w e  a r e  m a n i p u l a t i n g  uR and uL --m -m i n  e q u a t i o n  
3 . 6  f o r  a f i x e d  ' m ' ,  b u t  t h e  ' m '  s u b s c r i p t  w i l l  be dropped.  F i r s t ,  
we e x p r e s s  t h e  d i sp lacemen t  and t r a c t i o n  (on  a z -p lane)  f o r  
(z+h)  > C ( w h i c h  i n c l u d e s  z=O) of  a p o i n t  s o u r c e  o f  a r b i t r a r y  
n a t u r e  ( u s i n g  t h e  e i g e n f u n c t i o n  expans ion  method and e x p r e s s i n g  t h e  
m ' t h  component i n  m a t r i x  f o rm)  i n  t h e  f o l l o w i n g  way: 
. . e x p ( - k l z + h l )  I 
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( 3 . 1 0 )  
and we d e f i n e :  
( 3 . 1 1 )  
Now t h e  e l a s t i c  f i e l d s  i n  r e g i o n  1 a r e  e x p r e s s i b l e  a s :  
I te rms due t o  t h e  p o i  n t s o u r c e  as g i v e n  above 
( 3 . 1 2 )  
And t h e  e l a s t i c  f i e l d s  i n  r e g i o n  2 a r e  e x p r e s s i b l e  as :  
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[-It;;] 1 C i ]  * e x p ( - k z )  
( 3 . 1 3 )  
Applying t h e  c o n d i t i o n  that a n d  1, a r e  t o  be c o n t i n u o u s  m 
( f o r  e a c h  m )  a l o n g  t h e  i n t e r f a c e  p l a n e  z=O, we g e t :  
( 3 . 1 4 )  
- - - + + + 
N o w  we s o l v e  f o r  A 1 ,  Bl,  C 1  and A 2 .  E 2 ,  C 2  by inverting t h e  
4 x 4  and 2 x 2  s y s t e m  o f  equations. We obtain: 
. 
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+7 
---- 
- I  
(3.15) 
where: 7 2 112/111 
A I 2*(7+6,).(76,+1) 
Express ing  t h e  S ' s  i n  te rms o f  A i ,  6; and C- and s i m p l i f y i n g  0' 
t h e  e x p r e s s i o n s  we g e t :  
I b 
1 + 7 J  
where: a E (6,+1)/(7+6,) 
b (Ul+l)/(7*8,+l) 
(3.16) 
( 3 . 1 7 )  
There fore  we f i n d  t h a t  t h e  d i s p l a c e m e n t  f i e l d  ( f o r  a g i v e n  m )  
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i n  r e g i o n  1 and r e g i o n  2 can b e  w r i t t e n  a s :  
1 s o u r c e  te rms 
I [ 4 = [ + l  ] [ ] [ c; ] *expCk(z -h ) l  s o u r c e  te rms 
( 3 . 1 8 )  
[ 42 = [ + I  1. [ 1. [ c; ].xp!,+h)l 
( 3 . 1 9 )  
The $L(C) te rms a r e  i n  a fo rm f r o m  wh ich  we can deduce t h e  
a l g o r i t h m ,  however, t h e  u(P) and la(&) t e rms  have t o  be f u r t h e r  
m a n i p u l a t e d .  We now t r y  t o  express t h e  y(p) and g(B) te rms i n  t h e  
f o l l o w i n g  manner: 
39 
[ A i  ]*exp[-k(z+h)J 
Noting that: 
b " 
a P  
-exp[k(z-h)] = kn*exp[k(z-h)J 
and 
a n  -exp [ - k (  z+h)] = (-k)".exp[-k(z+h)] n az 
We obtain: 
( 3 . 2 1 )  
(3.22) 
t 
A b  = -26,*(1-a)*h*A- 0 + 46?*(1-a)*h.B- 0 ( 3 . 2 3 )  
t + 2 2 -  
Ac = -46,-(1-a)-h * Eb  = 26,.(l-a).h-B- 0 
and: 
Aa  = e * A o  
( 3 . 2 4 )  
B b = A  = O  
C 
S i n c e  t h e  above r e l a t i o n s  a re  t r u e  f o r  each component of a 
p o t e n t i a l ,  t h e n  t h e y  must be t r u e  for t h e  whole p o t e n t i a l  and we 
g e t :  
i f :  
Then : 
1 0 -0 a - U = - u + N ( h , ( l - b ) . P 2 )  + ~ u ( h , - 2 6 1 . ( 1 - a ) . h * V ( : )  
a 2 -0 + -N(h,+46,* (1-a) .h .P dz-  2 ) 
a 2  2 2 -0 
+ T u ( h , - 4 6 , * ( l - a ) * h  .)02) 
b Z  
( 3 . 2 5 )  
u 2 = N ( - h , a Y 1 )  0 + EN(-h,2.(d,b-6,a).h.P2) a 0 
+ -F(6,,-h,bP2) a 0 
az -  
2 0  + M(-h,-* l + v  p 3 )  
( 3 . 2 6 )  
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N o t i n g  t h a t :  
(3.27) 
d a a 
d z  a 2  a z  -F(6,h,cst.P) = N(h,-26,*cst.--P) + F ( b , h , ~ s t . - P )  
where: c s t  i s  a c o n s t a n t  
We o b t a i n  t h e  a l g o r i t h m  g i v e n  i n  t h e  main body o f  t h i s  paper- 
( t w o  minor d i f f e r e n c e s  a r e :  i) The s t a t e m e n t  o f  t h e  a l g o r i t h m  i n  
t h e  paper c o n s i d e r s  r e g i o n  1 t o  be a t  z>O and hence z=+h i n s t e a d  o f  
z=-h t o  be t h e  l o c a t i o n  o f  t h e  s o u r c e  p o i n t  and ii) A f o r m a l i s m  i n  
te rms o f  m a t r i x  o p e r a t o r s  i s  implemented i n  t h e  main t e x t ) .  
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ADsendix 4: A n a l v t i c  check o f  t h e  imaae method a l a o r i t h m  
R e f e r r i n g  t o  f i g u r e  1 and u s i n g  t h e  n o t a t i o n  d e f i n e d  i n  t h e  
main t e x t ,  t h e  image a l g o r i t h m  s t a t e s  t h a t  i f :  
Then : 
1 0 1 -1 -1, 
-L' u = u + g (-h,8,,KR,P - - 
where: 
We have a l r e a d y  expressed the  C a r t e s i a n  components o f  t h e  
d i sp lacemen t  and s t r e s s  f i e l d s  o f  any g i v e n  Hansen p o t e n t i a l s  
(Append ix  1 ) -  I n  t h i s  s e c t i o n ,  we w i l l  check whether  t h e  C a r t e s i a n  
components o f  t h e  d i sp lacemen t  and s t r e s s  f i e l d s  ( i n  te rms  o f  
Hansen's  p o t e n t i a l s )  t h a t  a r e  genera ted  by t h e  image a l g o r i t h m  
s a t i s f y  t h e  c o n d i t i o n s  o f  d isp lacement  and t r a c t i o n  c o n t i n u i t y  
a l o n g  t h e  i n t e r f a c e  p l a n e .  
I n  o r d e r  to s i m p l i f y  t h e  check ing  o f  t h e  a l g o r i t h m ,  we w i l l  
c o n s i d e r  t h e  f o l l o w i n g  3 cases s e p e r a t e l y :  
P2 = P3 = 0 
P I  = P 3  = 0 
P, = P2 = 0 
0 i) p 1  = P ; 
0 ii) P = P ; 2 
0 iii) P = P ; 3 
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We w i l l  a l s o  n o t e  t h e  f o l l o w i n g :  
a 
Also d e f i n e :  
c 
Case I :  = P  : P 2 L 3 -  - P  = o  P 1  4 
a -  2 a -  P + (I-a).(---P - 
ax  u1 I z=O = 2! - [ L P  + 26, . (  l -a).h.-  x ax a x a z  
a -  2 + .[LP + 26,.(1-a).h.-  a -  p + (l-a)*(---P - 
n 
a Y  Y a Y  a y a z  
(4.5) 
We n o t i c e  t h a t  t h e  d i s p l a c e m e n t  f i e l d  i s  c o n t i n u o u s  a c r o s s  z=C 
z 
( t h e  i n t e r f a c e  plane). N e x S  we c o n s i d e r  t h e  t r a c t i o n  c o n t i n u i t y  
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( e q u i l i b r i u m ) .  
3 
+ 2 6  , ( 1 -a ) 2pr - he a 2P ayaz Y 
3 
3 
a 2  a -  A + e * [  2p1.-Y) + 26,*(1-a)*2pI.h.-Y 
az 
z 2 a z  
a3- I 2 + (1-a)*(2p,6,.7Y a -  - 4p16,*h*--=9') d z  a z  
- T ~ ~ /  = e X a [  2p2a--Y axaz d 2  1 h z = o  
( 4 . 7 )  
N o t i n g  t h a t :  
2P,*C1 + (1-a)*6,] = 2 p 2 * e  
s i n c e  ( 4 . 8 )  
= 2 p 2 . -  6,+l 
7+6, 1 7 + 6, + 6 , 7  - 6 ,  7 + 6 ,  
We f i n d  t h a t  t h e  t r a c t i o n s  ac ross  t h e  i n t e r f a c e  p l a n e  ( z = O )  
a r e  con t inuous .  
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0 Case I 1  : P 2 = P ;  P 1 = P , = 0  .J 
( 4 . 1 0 )  
We n o t i c e  t h a t  t h e  d i s p l a c e m e n t  f i e l d  i s  c o n t i n u o u s  a c r o s s  z=O 
z ( t h e  i n t e r f a c e  p l a n e ) .  Nex t  we c o n s i d e r  t h e  L t r a c t i o n  c o n t i n u i t y  
( e q u i l i b r i u m ) .  
4 
2 2 a -  
3p - 4 6 , * ( 1 - a ) * 2 p l * h  9 
a x a z  
3 
a P - 4 p 1 6 , . h .  a 4  7 )  ] 
2 a x a z 3  axaz  
- 2 6 1 * ( 1 - a ) * h * ( - 2 ~ 1 6 1 *  
( 4 . 1 1 )  
N o t i n g  t h a t :  
( 4 . 1 2 )  
s i n c e  
6162 + 62 
1 + 76, = 2 p 2 '  I ' ~ 6 ~ 6 ,  + 7 6 ,  1 + 762 
and 
2 4 p , [ 6 ,  + 6,*(1-a)] = 4p26,*a 
(4.13) 
We f i n d  t h a t  t h e  t r a c t i o n s  a c r o s s  t h e  i n t e r f a c e  p l a n e  ( z = O )  
a r e  con t inuous .  
P 1 = P  = o  0 
2- Case 111: P3 = P ; 
+,.[I z 
(4.14) 
( 4 . 1 5 )  
We n o t i c e  t h a t  t h e  d i sp lacemen t  f i e l d  i s  c o n t i n u o u s  a c r o s s  z = O  
( t h e  i n t e r f a c e  p l a n e ) .  Next  we c o n s i d e r  t h e  Lz t r a c t i o n  c o n t i n u i t y  
( e q u i l i b r i u m ) .  
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h 2 a 2  
i+r -e, axaz 1 + e [ - p 2 * - *  Y 
N o t i n g  t h a t :  
h 
+ e . [ o ]  z 
( 4 . 1 6 )  
+;.[,I z 
(4.17) 
(4.18) 
We f i n d  t h a t  t h e  t r a c t i o n s  across  t h e  i n t e r f a c e  p l a n e  ( z = O )  
a r e  c o n t i n u o u s .  
T h e r e f o r e ,  a l l  t h r e e  cases check c o r r e c t l y .  and t h e  a l g o r i t h m  
i s  c o r r e c t .  
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ADDendix 5 :  D e r i v a t i o n  o f  some sa  mDle Green 's  f u n c t i o n s  
t h r o u a h  t h e  use  o f  t h e  imaae a l a o r i t h m  
I n  t h i s  s e c t i o n ,  we consider-  d i sp lacemen t  f i e l d s  i n  C a r t e s i a n  
components f o r  some sample p o i n t  s o u r c e  problems on o r  i n  a 
h a l f s p a c e  w i t h  a f r e e  s u r f a c e .  The s o l u t i o n s  t h a t  w i l l  be r e d e r i v e d  
a r e  r e a d i l y  a v a i l a b l e  (and e s t a b l i s h e d )  i n  t h e  l i t e r a t u r e  and hence 
s e r v e  a s  a n  e m p i r i c a l  check ( see  append ix  4 f o r  an a n a l y t i c  check )  
of t h e  a l g o r i t h m .  I n  a d d i t i o n ,  t h e s e  s p e c i f i c  examples h e l p  c l a r i f y  
d e t a i l s  o f  t h e  a p p l i c a t i o n  o f  t h e  a l g o r i t h m .  
By c o n s i d e r i n g  a h a l f s p a c e  prob lem w i t h  a f r e e  s u r f a c e ,  we 
o b t a i n  t h e  f o l l o w i n g  s i m p l i f i c a t i o n s :  
7 = 0  l - a  = -1/61 
c a l l :  
6 E 6, 
t h e n  : 
l - b  = -6, 
The f o l l o w i n g  example problems w i l l  be c o n s i d e r e d :  
I ,  Screw d i s l o c a t i o n  ( A n t i p l a n e  p rob lem) .  
11. L i n e  f o r c e  (x=O, z=O) a c t i n g  on a f r e e  s u r f a c e .  
i )  The l i n e  f o r c e  i s  i n  t h e  x d i r e c t i o n .  
ii) The l i n e  f o r c e  i s  i n  t h e  z d i r e c t i o n  ( F l a m a n t ' s  
s o l u t i o n ) .  
111. P o i n t  f o r c e  a c t i n g  on a f r e e  s u r f a c e .  
i )  The p a i n t  f o r c e  i s  i n  t h e  x d i r e c t i o n  ( C e r r u t i ' s  s o l u t i o n ) .  
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ii) The p o i n t  f o r c e  i s  i n  t h e  z d i r e c t i o n  (Bouss inesq 
s o l u t i o n ) .  
I V .  P o i n t  f o r c e  a c t i n g  i n t e r i o r  t o  t h e  h a l f s p a c e  w i t h  a f r e e  
s u r f a c e  ( M i n d l i n ' s  s o l u t i o n ) .  
i) The p o i n t  f o r c e  i s  i n  t h e  x d i r e c t i o n .  
ii) The p o i n t  f o r c e  i s  i n  t h e  z d i r e c t i o n .  
I .  Screw d i s l o c a t i o n  ( a n t i D l a n e  Droblem) 
For  t h e  a n t i p l a n e  problem, a l l  t h a t  i s  r e q u i r e d  i s  t o  o b t a i n  
t h e  image p o t e n t i a l  w i t h  r e s p e c t  t o  t h e  i n t e r f a c e  p l a n e  s i n c e  t h e  
R m a t r i x  i s  t h e  i d e n t i t y  o p e r a t o r .  A l so ,  we n o t i c e  t h a t  g e t t i n g  =L 
t h e  image o f  a g i v e n  M t y p e  (see main t e x t )  d i s p l a c e m e n t  f i e l d  i s  
equa l  t o  t h e  y d isp lacemen t  f i e l d  o f  t h e  image p o t e n t i a l  d e s c r i b i n g  
t h a t  f i e l d  ( i . e .  M(h,P) = M(-h.P)), and hence we can d i r e c t l y  
o p e r a t e  on a g i v e n  d i sp lacemen t  f i e l d  when u s i n g  t h e  a l g o r i t h m  f o r  
a p u r e l y  a n t i p l a n e  problern. T h i s  cor responds t o  t h e  s c a l a r  f i e l d  
image method f o r  t h e  a n t i p l a n e  case. 
A s  an example we c o n s i d e r  t h e  f i e l d  due t o  a screw d i s l o c a t i o n  
i n  t h e  p l a n e  p e r p e n d i c u l a r  t o  t h e  x-z p l a n e  a t  l o c a t i o n  z = h  and 
x=O. The f i e l d  due t o  t h e  d i s l o c a t i o n  i n  i n f i n i t e  sDace i s :  
c1 = a r c t a n [ ( z - h > / x J  ( 5 . 2 )  Y 
The image f i e l d  w i l l  be u which i m p l i e s  t h a t  t h e  combined 
Y 
f i e l d s  g i v e :  
u = a r c t a n [ ( r - h ) / x ]  - a r c t a n [ ( z + h ) / x ]  (5.3) 
Y 
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11. Line force (x=o. !  z=O) actinq on a free surface. 
For this problem the potentials are given in appendix 2. We 
note that P = 0 (i.e. there is no antiplane mode in a plane strain 
problem as is trivially known). 
3 
We note that for the case when the point source is at the 
interface (i.e. h=O), we get a significant simplification in the - BR 
matrix operator in the following way: 
This means that for the displacement fields all we need to 
calculate are the following (e.g. see equations ( 2 ) ) :  
Now we perform the above differentiations for the image 
potentials due to a line force. These potentials are linear 
combinations of  t h e  following functions: 
FA = (z.arctan(z/x) - x-lnt + (1+6).x)/2 = PA 
2 where: 
We get: 
c 2  = x2 + z 
a -  -P = -lnt/2 + 6/2 a x  A 
a -  -P = [arctan(z/x)]/2 a x  c 
a -  -p = 
a z  A [ a r c t a n ( z / x ) ] / 2  
a L  - 2 -p = - ( z /E  ) / 2  a x a z  A 
r) 
L 
= ( x / t 2 ) / 2  T P A  
a -  
az  
a -  
a z  c -P = l n f / 2  
3 
a c  - 2 
-? = (x/E ) / 2  axaz c 
i) Case when t h e  f o r c e  i s  a c t i n g  i n  the  x d i r e c t i o n :  
We g e t :  
2 l  
h 
e * [ 6 * a r c t a n ( z / x ) / 2  - a r c t a n ( z / x ) / ( 2 6 )  + x z / f  1 z 
N o t i n g  t h e  f o l l o w i n g  i d e n t i t i e s :  
2 2 2  z / E 2  = 1 - x /Q 
( 5 . 8 )  
6 / 2 + 1 / ( 2 6 ) + 1  = ( l + t q 2 / ( 2 6 )  a = 2 * 6 / ( 6 + 1 )  
We f i n d  t h a t  t h e  above s o l u t i o n  c o i n c i d e s  w i t h  t h a t  g i v e n  i n  
Love 1 9 2 7  ( a r t i c l e  1 5 1 ) .  excep t  f o r  a r i g i d  body m o t i o n .  
i) Case when t h e  f o r c e  i s  a c t i n g  i n  t h e  z d i r e c t i o n  ( F l a m a n t ' s  
s o l u t i o n ) :  
We g e t :  
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h 3 
- [a/(4np6): - 
e . [ 6 * a r c t a n ( z / x ) / 2  - a r c t a n ( z / x ) / ( 2 6 )  - x z / f "  3 >: 
( 5 . 9 )  
N o t i n g  t h e  same i d e n t i t i e s  ment ioned above ( 5 . 8 ) ,  we f i n d  t h a t  
t h e  above s o l u t i o n  c o i n c i d e s  w i t h  t h a t  g i v e n  i n  Love 1 9 2 7  ( a r t i c l e  
1 5 1 ) ,  except  f o r  a r i g i d  body m o t i o n .  
111. P o i n t  f o r c e  a c t i n G  or, a f r e e  s u r f a c e .  
F o r  t h i s  problem t h e  po ten t ; ' a?s  f o r  t h e  p o i n t  s o u r c e  i n  
i n f i n i t e  space a r e  g i v e n  i n  append ix  2 .  However, we have a c h o i c e  
of where t o  l o c a t e  t h e  s f n g u l a r i t i e s  o f  t h e  p o t e n t i a l s .  S i n c e  we do 
n o t  want t h e  image p o t e n t i a l s  t o  i n t r o d u c e  any new sources  i n s i d e  
t h e  h a l f s p a c e ,  we choose t h e  i n f i n i t e  space p o t e n t i a l s  t o  have a l l  
t h e i r  s i n g u l a r i t i e s  i n  t h a t  h a l f s p a c e .  
Again. i f  we a r e  o n l y  i n t e r e s t e d  i n  t h e  case when t h e  p o i n t  
f o r c e  a c t s  an t h e  f r e e  s u r f a c e  (h=O),  we g e t  e q u a t i o n  ( 5 . 4 ) .  T h i s  
means t h a t  a l l  we need t o  c a l c u l a t e  a r e  t h e  f o l l o w i n g :  
N O W  we pe r fo rm t h e  above d i f f e r e n t i a t i o n s  f o r  t h e  image 
p o t e n t i a l s  due t o  a p o i n t  f o r c e .  These p o t e n t i a l s  a r e  l i n e a r  
combine t ions  of t h e  f o l l o w i n g  f u n c t i o n s :  
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(5.10) 
In addition, we have an antiplane potential for this c a s e  
which i s  a linear maltiple of the following function: 
(5.11) 
and we will also h a v e  to calculate: 
We get: 
]I2 
a -  
--y = [ -x/[r-(r+z>~ 
a2 A 
2 a -  
= [ x / r 3  ] / 2  T F A  a 2  
(5.12) 
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a -  
-P dz c = [ -l/r ]/2 2 a -  = [ z/r3 ]/2 -7% as 
1) Case when t h e  f o r c e  i s  a c t i n g  i n  t h e  x d i r e c t i o n :  
We g e t :  
21 2 + (1+6)/(r+z) - (1+6).y /[r*(r+z) 1 
( 5 . 1 3 )  
( 5 . 1 4 )  
( 5 . 1 5 )  
Noting the following identities: 
We find that the above resuit coincides with the published 
results ( e - g .  Love 1927, p a g e  243). 
i f )  C a s e  when the force is actinG in the z direction: 
We qet: 
C u = u  
- [1/4np(1+6>2. 
A 
e X - [ -(6*~)/[2r*(~~+~)] + x/[?6r*(r+z)l -(xz)/r3 ] 
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( 5 . 1 7 )  
N o t i n g  t h e  i d e n t i t i e s  i n  (5 .16 )  c o n c e r n i n g  m a t e r i a l  
parameters ,  we f i n d  t h a t  t h e  above r e s u l t  c o i n c i d e s  w i t h  t h e  
p u b l i s h e d  r e s u l t s  ( e . g .  Love 1 9 2 7 ,  page 1 9 1 ) .  
I V .  P o i n t  f o r c e  a c t i n a  i n t e r i o r  to a h a l f s D a c e  w i t h  a f r e e  s u r f a c e .  
The i n f i n i t e  space s o u r c e  p o t e n t i a l s  f o r  t h i s  case a r e  t h e  
same as f o r  case 111. However, s i n c e  h#O i n  g e n e r a l ,  t h e  m a t r i x  
o p e r a t o r  i n v o l v e d  i n  t h e  a l g o r i t h m  (5 .1 )  r e q u i r e s  us t o  f u r t h e r  
c a l c u l a t e  i n  a d d i t i o n  t o  t h e  te rms  shown i n  case 111, t h e  f o l l o w i n g  
f u n c t i o n s :  
-. a [' E 
e].[F;] a z  a x '  a y '  a z  
a a a  a 2  a 2  "I. 2 [Ti]  -[' 
2 
- - - -  
a z  
a z  a x 7  a y 7  a z '  axaz '  a y a z '  
There a r e  some r e p e t i t i o n  i n  t h e  suggested  f u n c t i o n s  t o  be 
c a l c u l a t e d  s i n c e  t h e  p a r t i a l  d i f f e r e n t i a t i o n  o p e r a t i o n s  a r e  
commutat ive when t h e  f u n c t i o n  i s  s u f f i c i e n t l y  smooth. Now we 
pe r fo rm t h e  a d d i t i o n a l  r e q u i r e d  d i f f e r e n t i a t i o n s :  
a 3  2 'A = [ llr3 - 3 . x 2 / r 5  ] / 2  
a z  ax 
(5.10,) 
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-Y = [ - 3 * ( x z ) / r  / 2  
5 1  
3 
3 A  
a -  
a z  
( 5 . 1 9 )  
f )  Case when the farce is acting in the x direction: 
2 2 2 r' = x + y + ( z + h )  2 
We g e t  after simplification a n d  the use of identities similar 
to those giver, in (5.16), b u t  with z replaced by (z+h) and "T" 
replaced by " r  " wherever they occur: 2 
0 - u = y  
- [  [6/2 i 1/;26) + 1 - ?-(1+6j) + (l+6)]/(r2+z+h) 
:< 
-e [-6/2 - 1/(26) - 1 + (1+6)].): 2 /[r2.(r,+z+h) 2 3 
1 
+ :-' t (:+8)]/r2 
J 
+ - [  [-6,'2 -1/(26) - 1 - (1+6):.(xy:/[r2.(r,+z+h):] 1 
2 
4' 
+ (xy)/r2 3 t 26hz*[1/r- 3 - 3 . x  2 / r z I  ] 
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+ [ [-6/2 + 1 / ( 2 6 ) J ~ x / C r 2 ~ ( r 2 + z + h ) 3  
+ (z-h)*x/ri - 66hz.x*(z+h)/r2 
2 
5 1  
Noting that : 
We find that the above result (5.20) coincides with the 
solution first obtained by  Mindlin ( 1 9 3 6 )  and shown in Mura (1982). 
ii) Case when the force is acting in the z direction: 
After simplifications we get: 
+ (z-h).x/rz + 66hz*x-(z+h)/r~ 1 
+ [(z+h)* - 28hz]/r3 + 66hz.(z+h) /rs 
2 “ I  1 
( 5 . 2 2 )  
I 
(5.20) 
(5.21) 
Noting the relations given in (5.21) and: 
60 
2 
6 /2+1/ (26)  = 6 . [ 8 * ( 1 - V )  - ( 3 - 4 ~ ) ]  ( 5 . 2 3 )  
We f i n d  t h a t  t h e  above r e s u l t  ( 5 . 2 2 )  c o i n c i d e s  w i t h  t h e  
s o l u t i o n  f i r s t  o b t a i n e d  by M i n d l i n  ( 1 9 3 6 )  and shown i n  Mura (1982) .  
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F i a u r e  C a n t i o n s  
f i g u r e  1 :  
2 bonded e l a s t i c  h a l f s p a c e s  w i t h  a p o i n t  s o u r c e  a t  z=h .  
f i g u r e  2 :  
e l a s t i c  h a l f s p a c e s ,  w i t h  a p o i n t  sou rce  i n  r e g i o n  1 ( t h e  e l a s t i c  
p l a t e ) .  
An e l a s t i c  p l a t e  of t h i c k n e s s  H p e r f e c t l y  bonded t o  two  
f i g u r e  3 :  
e l a s t i c  f i e l d  i n  r e g i o n  1 ( l e f t  s e r i e s  o f  p o i n t s )  and r e g i o n  2 
( r i g h t  s e r i e s  o f  p o i n t s )  when t h e  p o i n t  s o u r c e  i s  l o c a t e d  i n  r e g i o n  
1 ( t h e  e l a s t i c  p l a t e ) .  
L o c a t i o n  o f  t h e  p o i n t  s o u r c e  and image p o i n t  sou rces  f o r  t h e  
f i g u r e  4 :  
e l a s t i c  f i e l d  i n  r e g i o n  1 ( l e f t  s e r i e s  o f  p o i n t s )  and r e g i o n  2 
( r i g h t  s e r i e s  o f  p o i n t s )  when t h e  p o i n t  s o u r c e  i s  l o c a t e d  i n  reg fo r i  
2 ( t h e  lower  h a l f s p a c e ) .  
L o c a t i o n  o f  t h e  p o i n t  s o u r c e  and image p o i n t  sou rces  f o r  t h e  
f i g u r e  3 . 1 :  
2 bonded e l a s t i c  h a l f s p a c e s  w i t h  a p o i n t  s o u r c e  e t  z=-h. 
Figure 1 
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Figure 3.1 
